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ON THE IDEAL CLASS GROUP OF REAL BIQUADRATIC FIELDS

PATRICK J. SIME

ABSTRACT. We discuss the structure of the ideal class group of real biquadratic
fields K, concentrating on the case that the 4-rank of the ideal class groups of
the quadratic subfields of K is 0. In this case, we give estimates for the 4-rank
of the ideal class group of K. As an example, let K = Q(\/p, V627), where
p is a prime satisfying certain congruence conditions. The 2-primary part of
the ideal class group of K is then isomorphic to (Z/4Z)?, Z/4Z x (Z/2Z)?,
or (Z/2Z)*. Further, each of the above occurs infinitely often.

INTRODUCTION

Let K = Q(va, Vb) be a real biquadratic field with quadratic subfields ko,
ki, and k,. In the 1920’s, Herglotz [He] proved a relationship between the
class number of K and the class numbers of its quadratic subfields. Let 2 be
the class number of K, and let h; be the class number of k; for i=0,1,2.
Herglotz showed that & = %hohlhz , where n = 1, 2, or 4 depending on the
group of units of Ok, the ring of integers of K. It is natural to ask if the
structure of the ideal class group of K is reflected by this formula.

To be more precise, let G be the ideal class group of K, and let G; be the
ideal class group of k; for i =0, 1, 2. There is a natural map Gy x G; x G, —
G . Herglotz’s formula suggests that G might be isomorphic to a quotient of
Gy x G; x G, . Kubota, in [Kub], showed that the kernel and cokernel of the
above map are elementary 2-groups, so it suffices to consider the 2-class group
of K (i.e., the 2-primary subgroup of the ideal class group). We concentrate
on the case where the 2-class groups of the quadratic subfields are elementary
2-groups, since interesting phenomena already occur here. In this case, one can
ask whether the 2-class group of G might be an elementary 2-group as well.
For this, we need the following definition. Let n be an integer greater than 1
and let 4 be a finite abelian group, and let 4 be the maximal quotient group
which is a direct product of copies of Z/nZ. The n-rank of A is the number
of copies of Z/nZ in A. Since the cokernel of the above map is an elementary
2-group, the 8-rank of G is 0. Thus, it suffices to consider the 4-rank. We show
that the 4-rank of G can be greater than 0. In fact, the 4-rank can vary as much
as possible. For example, consider K = Q(/p, V627), where p is a prime that
satisfies certain congruence conditions. For such primes, the 2-class groups of
the quadratic subfields are elementary 2-groups. Also, 4 = 16¢, where ¢ is an
odd integer. From the above comments, the 2-class group of K can be either
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(Z2/4Z)?*, Z/AZx(Z/2Z)?, or (Z/2Z)*. We show that each of these cases occurs
infinitely often, and examples are provided for each case.

Let K be any real biquadratic field where the ramified prime ideals of its
quadratic subfields generate the 2-class groups of the quadratic subfields. In this
case, the 2-class groups are elementary 2-groups. We introduce an elementary 2-
group H and let H' be a subgroup of H satisfying certain conditions relating
to the ramified prime ideals, in the sense of Definition 2.2, of the quadratic
subfields. Let s be the 2-rank of H/H’. We show that the 4-rank of the ideal
class group of K is either s or s—1. Now suppose K = Q(/7, Vd), where p
is a prime. Let d = []}_,q; where g; is prime for each i. Let p, be a prime
ideal of Q(vd) lying over g; for each i, and let G| be the subgroup of G,
generated by the ideals p,, such that (%) = 1. We show that if r is the 4-rank
of G and 7 is the 2-rank of G,/G{,then ' =3<r<r +1.

We now give a short description of the contents of this paper. We discuss
real quadratic fields &, in §2. We give a sufficient condition for when the 2-class
group of k is an elementary 2-group, and also define the genus characters of
k . Moreover, we determine which products of ramified prime ideals of k are
principal. In §3, we consider real biquadratic fields K. We state Herglotz’s
Theorem. Then we give all the possibilities for the generators of the units of
Ok as in [Kur]. We also show which ideals of K that are products of ramified
prime ideals of ko, k;, and k, become principal in K. We also discuss the
map Gy x G| x G, — G mentioned above.

In §4, we define the group H, which is the group of equivalence classes of
primes that split completely in K under a certain equivalence relation. In §4
and §5, the two theorems mentioned above, which give estimates for the 4-rank
of G, are proved. In §6, we show that there are infinitely many fields K with
2-class groups isomorphic to (Z/4Z)?, Z/4Z x (Z/2Z)?, and (Z/2Z)*, and give
examples of each possibility.

1. SOME NOTATION

Let L be a number field. We will denote the ring of integers of L by Oy .
Unless otherwise specified, we will write ideal of L to mean fractional ideal of
O, . Recall that the ideal class group of L is the group of ideals of L modulo
the principal ideals. In the nineteenth century, it was proved that the ideal class
group of any number field is finite. Its order is called the class number of L.
Let M a finite normal extension field of L, o an element of M, and I,J
ideals of L. Further, let ¢, d, m, n be integers, with d odd and (¢, d) = 1.
We shall use the following notations:

V403 ideal class of I in O,

I~pJ I and J belong to same ideal class in Op

I~;J [IJ7']. has odd order in the ideal class group of L
4] order of the quotient ring O /I

Nyy(a) norm of a for M over L

Gal(M/L)  Galois group of M over L

m=n mn is a square rational integer

R* group of units of a ring R



ON THE IDEAL CLASS GROUP OF REAL BIQUADRATIC FIELDS 4857

(2) Jacobi symbol of ¢ modulo d

For convenience, if ¢ is an odd integer, we will define () to be (%) M
is an abelian extension of L, and I is a product of prime ideals that do not
ramify in M, we denote by Frf" /L the Frobenius automorphism of M /L of
the ideal I. See [Ma] for more on Frobenius automorphisms.

Recall that a number field K is a biquadratic field if K is an extension
of degree 4 over Q of the form Q(v/a, vb), where a and b are distinct
squarefree integers. The field K has three quadratic subfields and Gal (K/ Q)
& (Z/2Z)?. We call a field E a polyquadratic field if it is obtained by adjoining

square roots of finitely many integers.

2. REAL QUADRATIC FIELDS
First, we give two definitions.

Definition 2.1. Let F be a finite abelian extension of Q. The genus field of
F is the maximal field contained in the Hilbert class field of F that is abelian
over Q.

Definition 2.2. A prime ideal p of a quadratic field k is called ramified if p
lies over a prime p that ramifies in k. An ideal, not necessarily prime, of k
is a ramified ideal if it is a product of powers of ramified prime ideals.

Let k be a real quadratic field with Hilbert class field M and let E be the
genus field of k. By genus theory, E is a polyquadratic field and the 2-ranks of
Gal( M/k) and Gal( E/k) are equal. For more on genus theory, see [Ja]. We
provide a sufficient condition for E to be the Hilbert 2-class field of k.

Proposition 2.3. Let k = Q(Vd) be a quadratic field. Let G be the 2-ideal
class group of k. Let E be the genus field of k, and let G' = Gal(E/k). If
{Frt/*|p is a ramified prime ideal of k} generates G', then G = G' and E is
the Hilbert 2-class field of k .

Proof. By genus theory, G2 = Gal (F/E), where F is the Hilbert 2-class field
of k. The elements of order 2 in G generate G/G?. By a result in group
theory, G is an elementary 2-group. |

Let k = Q(vVd) with d squarefree. Write d = 2¢ [1_,p: , where the p; are
distinct odd primes and e = Q or 1. Let m be the number of primes congruent
to 1 modulo 4. Arrange the primes p; so that p, =1 (mod 4) for i <m and
Dpi = 3 (mod 4) for i > m. We classify real quadratic fields into 6 different
classes:

Case A e=0,m=n

Case B e=0,n—-modd

Case C e=0,n>m,n—meven
Case D e=1,m=n

Case E e=1,n—modd

Case F e=1,n>m,n—-meven



4858 P. ). SIME

The discriminant of k for Cases A and C is d, otherwise the discriminant
is 4d . Also, the genus field E of k is generated by /p; forall i < m, and
vPip; forall i, j>m over k.

We now define genus characters for k. Let I be an ideal of k, and let d’
be a squarefree integer such that vd’ € E. It follows that d’|d. We define

x%,(I) as follows:

Fr; *(Vd') = 24.(I)Vd'.
It follows from the properties of the Frobenius automorphisms that if J is
another ideal of k and d” is another square free integer such that vVd” € E,
then xk (IJ) = xk(Nx%(J) and x% ,.(I) = x%(I)x%.(I). If I is a principal
ideal, then the value of all the genus characters at I is 1. If I =~; J, then the
values of any genus character at / and J are equal.

Let / be a prime. If [/ is inert in k, then p; is clearly a principal ideal
of k. Thus, the values of all the genus characters at p, are 1. The following
two lemmas describe the values of the genus characters at p; when / splits or
ramifies in k. They both follow from the relation between the genus characters,
the Jacobi symbol, and the Hilbert symbol as described in [Hal] and [Ha2].
Proofs are also given in [Si].

Lemma 24. Let k = Q(Vd) be a real quadratic field as above and suppose | is
a prime that splits in k. Let p; be a prime ideal of k lying above |. Let d’
be a squarefree integer such that Vd' € E. If | is odd, then x",‘, (p)) = (‘-‘,'-). If
=2 and d’' =1 (mod 4), then 2% (p2) = (%)

Lemma 2.5. Let k be a real quadratic field as above and suppose [ is a prime
that ramifies in k. Let p, be the prime ideal of k lying above |. Let d’ be a
squarefree integer such that Vd' € E . If | is odd, then

Koy = %), iflid,
Ka®) { Ly, i,
If1=2 and d' =1 (mod 4), then x%.(p2) = (%).

We now want to see which of the ramified ideals of k are principal. We
state the following two lemmas which are proved in [Hi, Satz 106].

Lemma 2.6. Let k = Q(vd) be a real quadratic field with fundamental unit
€ = a+bVd such that Nyjg(e) = 1. Let p; for 1 < i < p be the ramified
prime ideals of k. Further, let r, s be the squarefree parts of 2(a+1), 2(a-1),
respectively, and let a and b be ideals of k such that o® = (r) and b* = (s).
Let S = {p?p;z...p;ﬂei =0, 1 foralli}. Then S contains exactly 4 principal
ideals, namely (1), (Vd), a, and b.

Lemma 2.7. Let k = Q(vd) be a real quadratic field with fundamental unit €
such that Nyq(€) =—1. Let p; for i =1, ..., u be the ramified prime ideals of
k. Let S = {p'p%..p'lei=0, 1 forall i}. Then S contains exactly 2 principal
ideals, namely (1) and (Vd).

The following lemma gives a sufficient condition for when the fundamental

unit of a quadratic field is not totally positive. The lemma is a consequence of
[Hi, Satz 107].
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Lemma 2.8. Let k = Q(vVd) be a real quadratic field where d is a squarefree
integer with no prime divisors p = 3 (mod 4), and let ¢ be the fundamental
unit of k. Suppose the ramified prime ideals generate the 2-class group of k.
Then Niq(e) =-—1.

3. REAL BIQUADRATIC FIELDS

We first state the following theorem, due to Herglotz [He], which relates the
class number of biquadratic fields to the class numbers of its quadratic subfields.

Theorem 3.1. Let K be a real biquadratic field with quadratic subfields ky, k;,
ko, and let h, hy, hy, h, be their respective class numbers. Then

1
h = 710k : G;,0;, O, Yhohi hz.

We now investigate the units of the ring of integers of real biquadratic fields.
Let K be a real biquadratic field with quadratic subfields k,, k;, and k;.
Kuroda, in [Kur, Satz 11] proved that, up to permutation of indices, there
are seven possibilities for the generators of the group of units of Ox modulo
{l’ —l}: 1. €0, €1, €2, 2. €0, €1, \/6—; 3. €0, \/a, \/6—; 4. €0, €1, \/@3
5. €0, V€1, V€€ 6. €, \/€oEl, \/€0€2; T. €0, €1, /€€ €; . Furthermore, if
V& € K, then ¢; must be totally positive. If ,/€;€; € K for i # j, then ¢;
and ¢; are totally positive. If \/€y€1€; € K, then either ¢; is totally positive
for all i or ¢; is not totally positive for all i. We have the following result
which is proven in [Kub, Hilfssatz 4]:

Lemma 3.2. Let n be unit of K, such that n = "‘72 , where a € K and v € Q.
Then n € O O; O, .

We list the possibilities for splitting of primes in kg, k; , and k; which follow
from investigating the Jacobi symbols. Up to permutations of indices, there are
five types of splitting in kg, k;, and k;.

(1) p splits in Ky, and is inert in k; , k;

(2) p splits in ky, and ramifies in k; , k;

(3) pisinertin ky, and ramifies in k; , k>
(4) psplitsin ko, k; , k>

(5) p ramifies in kg, k;, k>

If (1), (2), or (3) occurs, then the splitting of p is clearly determined in K.
Also, it follows from [Ma, Theorem 28] or by inspecting the decomposition and
inertia groups of a prime p, that (4) occurs if and only if p splits completely
in K, and (5) occurs if and only if p ramifies completely in K.

We now prove the following lemma:

Lemma 3.3. Let | be a prime which splits completely in K. Let & be a prime
ideal of K lying over I. Then P? ~k bpq where b, p, q are prime ideals of
ko, ki , ky, respectively, lying over | and below P .

Proof. Suppose [ splits completely in K. Then /O, = bb’, [0, = pp’, and
1O, = qq’, where b,b’,p,p’,q, and q' are all prime ideals lying over /.
Let #, P, P", and P be the prime ideals of K lying over /. Since
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Gal (K/Q) acts transitively on these ideals, we may assume without loss of
generality that ZP' = b, PP" =p, and PP" = q. Then, P? ~g
PLl) = PRPP' P"P" = bpq. ]

The next four lemmas will determine which ideals of the form (IyI,1,)Ok,
where I; is a ramified ideal of k; for i =0, 1, 2, are principal ideals of K.
Henceforth, if I is an ideal of a number field F and M is a field containing
F , we will denote the ideal 710y, by I if no confusion will result.

Lemma 3.4. Let p be a prime which ramifies in two quadratic fields k, and k;.
Let p, q be the prime ideals lying above p in k,, k,, respectively. Then (pq)
is a principal ideal in K = kik; .
Proof. Let ky be the other quadratic subfield of K. If p splits in kg, then
(p) = P2P}, where P and P, are prime ideals of K lying above p. Thus
p=q=P% in K. Hence, pq=(p).

If p is inert or ramifies in kg, then (p) = P2 or (p) = P*, respectively,
where & is the prime ideal of K lying above p. Now either p = q= %, or
p =q =22 In either case, pq = (p). [ ]

Lemma 3.5. Let K be a real biquadratic field with quadratic subfields ky =

QVdy), ki =Q(v/d1), k» = Q(v/dy). Let € = a;+bi\/d; be the fundamenal
unit of k; for i =0, 1, 2. Suppose Ny o(€;) =1 for some i. Let c; be the
squarefree part of 2(a; + 1) if Ny q(€:) = 1, otherwise let c¢; = 1. (Note that
cil4d;.) Let
S ={u€Zp=;cPci'c; df"d,f' , Withe;, fi=0, 1}.

Let a = (bappq.)Ox be an ideal of K, where ba , Pb > Ac are ramified ideals of
ko, ki, k,, respectively, such that b2 =(a), p? = (b),and ¢ = (c). Then a is
principal in K ifand only if a® = (u) for some u € S, or equivalently abc € S .
Note: In particular, this shows which ramified ideals of k; become principal in
K.
Proof. («) Suppose a? = (u) for some p € S. Then u = azc"°c"'«':e’zdﬂ’dfl
for some integer . It follows that (a~'a)? = (c§0c} czzdf"df‘) so that a"a =

copcq 9 b fop e where the ideals b, 9, , qc, bdo ,and p,, are defined sim-

11ar1y to ba By Lemmas 2.6 and 2.7, the above ideals are principal. Therefore
a is a principal ideal of X .

(=) Suppose a is a principal ideal, and a?> = (v) where v ¢ S. Let «
be a generator for a. Then, a? = ve where € is a totally positive unit of
K. Also, by Lemma 3.2, € € O; O; O;, . We may assume that € = ¢5°¢{'€e5?,
where g = 0 or 1 if Ny q(€:) = 1 or g = 0 otherwise. If N, /Q(e,) =1,
then /€ = u;\/C;i + v,\/—7 where u;, v; € Q, ¢} is the squarefree part of

2(a-1), and c¢ic; = d; or 4d;. It follows that /v ,/uc“cg‘czg’ € K. Since
v ¢ S, then v =; c§cf'c§’d where ¢ is an integer not in S. It follows that
VJvegedics ¢ K, sothat /ve ¢ K, which is a contradiction. ]

Before we state a similar lemma for the case when N, q(€;) = —1 for each
i, we need the following lemma.
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Lemma 3.6. Let K be a real bigquadratic field with quadratic subfields ky =
Q(Wdo), ki = Q(/d)), ks = Q(+/d3). Let €; be the fundamental unit of k;
Jor i=0,1,2. Suppose ¢€; is not totally positive for each i. Then there exists
a squarefree rational integer B dividing \/dod\d, such that \/B./€€€; € K.
Proof. Let n = /€€ €; . From [Kub, Hilfssatz 3], it follows that there exists a
squarefree integer # such that /Bn e K.

Now let a = (1/Bn). Then a2 = (8). Let p be a prime dividing S. Since
B is squarefree, it follows from above that (p) = I? for some ideal I of K.
Hence p is ramified in K and in one of the quadratic subfields k;. Since
Ny, q(€:) = —1, the odd prime divisors of d; are congruent to 1 modulo 4.
In particular, d; is either even or d; = 1 (mod 4) for all i. Thus, p|d; and
hence, p|dod;d, . Since B is squarefree, then B|\/dyd,d; . |

Lemma 3.7. Let K be a real biquadratic field with quadratic subfields ko =
Q(Wdy), ky =Q(V/d)), ks =Q(v/d2). Let €; = a;+b;\/d; be the fundamental
unitof k; for i=0, 1, 2. Suppose ¢; is not totally positive for each i. Let B
be a squarefree integer such that \/B./€s€i€; € K. Let

S ={u€Zu= peapdl, withe, fi=0,1}.

Let a = (bappac)Ox be an ideal of K, where b, , py, q. are ramified ideals of
ko, ki, ki, respectively, such that b = (a), p? = (b), and q2 = (c). Then
a is principal in K if and only if o> = (u) for some u € S, or equivalently,
abcesS.

Let G, Go, Gy, G, be the ideal class groups of K, ko, k;, k2, respectively.
There is a natural map ¢ : Gp x G| x G, — G defined by

¢ (([Lolk, » U1k, > (12)k,)) = [(LoI1 1) Ok 1k

where I; is an ideal of k; for i =0, 1, 2. Kubota in [Kub] proved what the
kernel and cokernel of this map can be.

Proposition 3.8. The kernel and the cokernel of the natural map ¢ : Gy x G| x
G, — G are elementary 2-groups.

We see from the proposition that the odd part of G is determined by the odd
parts of Gy, G, and G,. In §4 and §5, we further investigate the 2-primary
subgroup of G.

4. FIRST THEOREM

As in the last section, let K be a real biquadratic field with quadratic subfields
ko, ki1 ,and k;. Let G, Gy, G, G, be the ideal class groups of K, kg, k1, k2,
respectively, having orders &, hg, h;, hy, respectively. We consider real bi-
quadratic fields K such that the ramified prime ideals of k; generate the 2-class -
groups of k; for all i =0, 1, 2. In this case, the 4-rank of G; is O for each
i, and it follows from Proposition 2.3 that the Hilbert 2-class field of k; is the
genus field. We want to see if the 4-rank of G is always 0, or if it is not, what
the 4-rank can be.

We first state the following lemma, which is a consequence of Dirichlet’s
Theorem on primes in arithmetic progression.
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Lemma 4.1. Let p,, p>, ..., pn be distinct primes and for each i, let e; = %1
Then there exist infinitely many primes | such that (%) =e; forall i.

If / is a prime, we will define b,, p;, q; to be prime ideals of ko, ki, k3,
respectively, lying over /. Let E; be the genus field of k; for i= 0, 1, 2. Let
H be the set of equivalence classes of primes which split completely in K, with
equivalence relation ~ as follows: Let /, I’ be primes which split completely in

K. Then I~ 1 if xz(b;) = 2g0(br), (1) = xg}(pr) , and xgi(a) = Xz (ar)
for all d!|d; such that /d € E;. Note that in particular, if (%) = (#) for all
primes p such that p|dod,d-, then / ~ I'. Suppose that the 2-Sylow subgroups
of Gy, G, and G, are generated by the ramified prime ideals. Then the
Hilbert 2-class field of k; is the genus field, and Gy, G; and G, have 4-rank
equal to 0. It follows from the comments in §2 that / ~ !’ if and only if
[6/57 ')k, » [p1P} ' Ik, » [a:9;: ')k, have odd order in Gy, G, G, respectively. We
will denote the equivalence class of / by [/].

We can define a group multiplication as follows: Let /, I’ be primes which
split completely in K. We set [/][/'] = [/"], where [” is a prime which splits
completely in K , and xg?(b)xg?(br) = 2g8(br) , 25} (P1)Xz} (1) = X5} (p1) , and
%5 @)x% (@) = x4 (aw) for all d/|d; such that \/d € E;. Such primes exist
since by Lemma 4.1, there exist infinitely many primes /” such that (£) = (#)
for all p|dod\d,. Further, it follows that that there are an even number of
primes p|d; such that (f) = —1, so that /” splits completely in K. The
identity of H is [[], where  is a prime which splits completely in K such
that the value of all the genus characters at b;, p;, and q; is 1. It can be shown,
as suggested by David Rohrlich, that H = Gal(&/K), where & is the genus
field of K.

Again, suppose that the 2-Sylow subgroups of Gy, G,, and G, are generated
by the ramified prime ideals. If [/"] = [/][/], then it follows that b, = b;b; ,
P =y, Pibr and q;» Xk, 949 - The converse also holds, since if b;» Rk b;by
for example, then xfjo‘,’(bl)xfz(bp) = sz(b,u) for all dj|dy such that /d} € E;.

We now prove the following theorem:

Theorem 4.2. Let K be a real biquadratic field and assume the 2-class groups
of its quadratic subfields ko, k, , k, are generated by the ramified prime ideals.
Let H' be the subgroup of H defined by

H' ={[l13a, b, c € Z with b, =, b, pp =k, 1> 9c =k, 9, and abc =; 1},

where b,, py, ., are ramified ideals of ko, k1 , k, , respectively, such that b2 =
(@), p2 = (b), and q = (c). Let r be the 2-rank of H/H'. Then the 4-rank of
the ideal class group of K is r or r — 1. Furthermore, if the fundamental unit
of k; is totally positive for some i, then the 4-rank is r.

Proof. Let G be the ideal class group of K and let G; be the ideal class group
of k; for i=0,1,2. Let €; = u; +v;y/d; be the fundamental unit of k;, and
let ¢; be the squarefree part of 2(u; + 1) if N o(€;) = 1, otherwise, let ¢; = 1
for i=0,1,2. By Lemmas 2.6 and 2.7, the ideals b, , p, , 4., are principal
ideals of ko, ki, k>, respectively.

Suppose Ny /q(€;) =1 for some i.
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For i < m, let /; be primes which split completely in K such that [/;] for
i < m,generate H', and for i > m, let /; be primes which split completely in
K such that [/;] for m+ 1< i< n generate H"” where H” is a subgroup of
H sothat H=H' x H".

Since each ideal class of K contains a prime ideal which lies over a prime
that splits completely in K, it suffices to consider only those prime ideals in
determining the 4-rank of G.

If | is a prime which splits completely in K, then [/] = l'[j=,[lij] , where
§>0,and i; <n forall j. By Lemma 3.3,

PP =k bipias ~x Hbl HP/ Hq[, Rk Hg’,
j=1  Jj=1 j=1

Thus, [ZBlk =] j=|[‘97’l,-j lky, where y € G has order less than or equal to 2.
Thus, it suffices to consider the prime ideals &, for i< n.

For i < m, we have P? ~k b;p,q;, <k bapsqc, where a, b, ¢ divide the
discriminants of kg, k; , k>, respectively, and by hypothe51s can be chosen so
that abc =, 1. Now (bsppqc)? = (abc). Thus £ is principal in K by Lemma
3.5.

Now consider Hj.=|.%ij ,with 1>0,and m+1<i; <n forall j. We have

! 4 t t
nglzj =K Hbl,-j HP/,-j qu,-/. ~k baPslc
j=1 j=t "j=1 j=1

where a, b, ¢ divide the discriminants of kg, k;, k, , respectively, since the
ramified ideals generate the 2-class groups of kg, kl ,and k,. Suppose bgppqc
is principal in K. Then, by Lemma 3.5, abc =; cg’c| cezdf"df' , where ¢;, fj =
0, 1 foreach i, j. Since b, by, , pc, > Pa, » and qc, are pnnc1pal ideals in their
respective fields, it follows that b, =, ba, pp =i, P, and qc =, 4., Where
a', b, are the squarefree parts of ac§°df° , bef! dlf' , cc3? , respectively. But
from above, a'b'c’ =, ac®dfPbc?' dficct? =, 1. Since (T=1/;] ¢ H', thisisa
contradiction. Therefore, H§=157’1,2j is not principal in K. So by Proposition

3.8, [Hj'=r9z1,«,]l< has order 4 in G.

In particular, we have shown that [%,]x has order 4 in G for m + 1 <
i < n, and there are no non-trivial relations among [%#,], for m+1<i<n.
Thus, ([£,..], ..., [#,)]) = (Z/4Z)"~™ = (Z/4Z)", so that the 4-rank of G
is at least r. Since we have also shown for any prime ideal & of K, that
P g ]'[j.=19’,i2_ , where m+1<i; <n forall j, then the 4-rank of G is at
most r. Hence,j the 4-rank of G is r.

Suppose Ny, q(€;) =—1 forall i.

Let B be a squarefree integer such that \/F\/W € K and B|/dyd,\d,
as in Lemma 3.6. Also, let A’ be the subgroup of H defined by

H' ={[1)3a, b, c € Z with b, ~;_ b, pp =y, P/> qc X, 4, and abc =, 1, B},

An easy calculation shows that either H' = H',or |H'| = 2|H’|. In either case,
let }fl " be a subgroup of H so that H = H' x H". It follows that the 2-rank
of H” iseither r or r— 1. Let r* be the 2-rank of H”.
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By following a similar argument as in the case above, we see that the 4-rank of

G isatmost r. Let I/ for i < r* be primes which split completely in K such

that [I/] generate H” for i <r*. Consider []j_, & , with >0 and i; <r*
i

for all j. We have as before ]'[;=1.9?’,% ~k bappq., where a, b, ¢ divide the

discriminants of kg, k1, k;, respectivély. Suppose b,ppq. is principal in K.
Then by Lemma 3.7, we have abc =, d{f’d{' B¢, where f;,e =0, 1 for each
i. Thus as before, b, ~, b and p, =y, py, where a’, b’ are the squarefree
parts of ad(f’, bdlf' , respectively. But, a’b'c =, ad({"bdlf' cf¢ =, 1, B, which
again is a contradiction. Thus, the 4-rank of G is at least r*. Hence the 4-rank
of G iseither r or r—1. n

5. SECOND THEOREM

In this section we look at real biquadratic fields K with quadratic subfields
ko = Q(v/P), ki = Q(Vd), and k; = Q(v/pd), where p is a prime and ptd.
We first classify these biquadratic fields into different classes. We classify k;
into six different classes as in §2. Further, we classify ky into three classes as
follows:

1. p=1 (mod4) 2. p=3 (mod4) 3. p=2

Since k; is completely determined by ky and k,, and since Cases 3D (i.e. ko
is 3 and k; is D), 3E, and 3F cannot occur, this leaves us with 15 different
classes.

As before, let G, Gy, G, and G, be the ideal class groups of K, kg, k;,
ky , respectively. We note that |G| is odd. We further assume that the ramified
prime ideals of k; generate the 2-Sylow subgroup of G; for i=1, 2.

Let E; be the genus field of k; for i =1, 2. It follows that E; is the Hilbert
2-class field of k;. Recall from §4 that if I and J are ideals of k; and the
values of all the genus characters at I and J are equal, then I =, J. Let G;
be the quotient G; modulo the odd part of G;. For simplicity, we will denote
[7], to be the class of ideals J such that J =y, I. Also, [I]x will have a
similar meaning.

We consider the group H discussed in §4. Let /, /' be primes which split
completely in K. As before, we let p;, q; be prime ideals of k;, k;, respec-
tively, lying over /. Since |Gp| is odd, it follows that [/] = [/] if and only if
P/ =, Pr,and q; =, qr . We now prove a lemma which relates the groups G,
and H.

Lemma 5.1. Let K, G, and H be as above. Then H = G, except in cases 2C,
2E, and 2F. In those cases |H| = 2|G,]|.

Proof. We have a map ¢ : H — G, defined by ¢([/]) = [p/lr,. Let p bea
prime ideal representing an ideal class of K. We may assume p lies over a
prime ¢ that splits in K. Further, by Lemma 4.1, we can find a prime / such
that (%) = (%L) for all i and (4) = 1. Such a prime splits completely in K
and [p/Jx, [plk, - Thus ¢ is surjective.

We now show ¢ is an injection, except for cases 2C, 2E, and 2F. From §2
"we see that E, C E|(,/p). Suppose / is an odd prime that splits completely in
K such that p; =, (1). Suppose a is a squarefree integer dividing p/ such
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that /a € E,. Then using Lemma 2.4 and that (%) = (42)(8) =1 for pla, it
follows that q ~, (1) as well. Therefore, ¢ is injective.

For Cases 2C, 2E, and 2F, we note that by inspecting E,, if / is a prime
that splits completely in K such that (%) =1 forall ¢; =1 (mod 4) and (%)
for all g; = 3 (mod 4), then it fo llows that p; =, (1). However, by inspecting
E,, we see that q; #, (1). Now if /' is another prime that splits completely
in K such that [/I'] # [/] and (%) = —1 for some i, then p; %, (1). Thus,
|kerg| =2. ]
Theorem 5.2. Let K be a real biquadratic field with quadratic subfields ko =
Q(vP), ki = Q(Vd), and k, = Q(v/pd), where p is a prime not dividing
d. Let G, Gy, G, G, be the ideal class groups of K , ky, k1, ka, respectively.
Suppose that the ramified prime ideals of k; generate the 2-Sylow subgroups of
G; for i=1,2. Let G| be the subgroup of G, generated by

{Ipgli, | ald, and (g) =1}

Let r be the 4-rank of G, and let r' be the 2-rank of G,/G}. Then
r-3<r<r+1.

Proof. Let G; be the quotient of G; modulo the odd part of G; for i =
0,1,2. It follows that G, is trivial. Let G} be the image of G| in the
quotient G, . Note that G| = G| . Let / be any prime which splits completely
in K. As before, let b;, p;, and q; be prime ideals of k3, k;, and k,,
respectively, lying over /. Let & be a prime ideal of K lying above /. Since
the 4-rank of G; is O for i =1, 2 and since Gy is trivial, the conclusion of
Lemma 3.3 becomes P2 ~x pq; .

Let g; be the prime divisors of d, ordered so that for some positive integer
m, (£)=1 forall i<m,and (£)=-1 forall i>m.

For 1 <i < n,let I, be an odd prime such that (£) = 1, (%) = (%)
for i #v,and (%) = (ﬂqv&). Such primes exist by Lemma 4.1. Also, note
that (£) =1 and (8%) = 1. Thus, I, splits in ko, ki, and k;, and splits
completely in K . Further, by Lemmas 2.4 and 2.5, we have x"l} (ps,) = le} (pg,)
for all d}|d, such that |/d] is contained in E; . Since the Hilbert 2-class field
of k; is the genus field, it follows that p; =~ p,, , for v < n. Moreover, for
v <m, wehave (Z)=(£)=1, so that ng(%) = xf,Z(qq,) for all dj|d, such
that |/d} is contained in E,. Hence, p;, =, pq, , forv < m. For v > m,
note that in general, q;, %, 4, -

For v < n,let &, be a prime ideal of K lying over /,. For v < m, we
have by Lemmas 3.3 and 3.4 $? ~¢ p,q, =k Pqgdq =~k (1), so that [F ]k
hasorder lor2in G.

Suppose m+1<v <n.If g, =1 (mod 4) then since (ql”) = -1, we have

by Lemma 2.5 and above that x",‘j(qq”) = - xé’; (pg,) - Thus,
(1) X2(80,) = —xg2(a,)-

By a similar argument, if ¢,,9, =3 (mod 4) where 1 <y <n and u #v,
then

(2) X!;‘fq,, (qth) = —X(I;fq,, (ql,, )
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Let H be the group as above, and let ¢ : H — G| be the map ¢([/]) = p,,
where [ is a prime which splits completely in K . Let A’ be the subgroup of H
generated by [/,] for v < m. Note that A’ C ¢~!(G}). Since ¢ is surjective,
it follows from Lemma 5.1 that for cases other than 2C, 2E, and 2F, we have
G, = H'. For cases 2C, 2E, and 2F, then either G| = H' or |H'| =2|G}]|.

Now let G} be a subgroup of G; so that G; = G} x G, and let A" be a
subgroup so that H = H' x H" . For cases other than 2C, 2E, and 2F, we have
G! = H”. The 2-rank of H” is r in these cases. For cases 2C, 2E, and 2F,
then either G = A” or |H"| = 2|GY|. Since G| = G,/G}, the 2-rank of G
is r and the 2-rank of H” is r or r+ 1. In any case, let r* be the 2-rank of
H", and for 1 < u < r* let [ be primes which split completely in K such
that [/;] form a minimal set of generators for A”. Thus, [/;], [/,] forall u,
v generate H.

To compute the 4-rank of G, it suffices to consider the prime ideals of K
which lie above primes which split completely in K, since all ideal classes
contain such prime ideals. Let & be any prime ideal of K which lies above a
prime / which splits completely in K. We have [/] = l'If:l[ll,,][Ij.:,[l,’,j] , Where
1<v;<m,and 1 <pu; <r* forall i, j. Then again by Lemmas 3.3 and 3.4,

s t s t s t
P = o =k ([, HPI;‘}. )], qu;j )=TIps,a, )(sz;‘j a;,)
Jj=1 i=1 Jj=1 i=1 Jj=1

i=1

s t t t
~k ([[pa, qq.,,.)(]:[pl,',j ar, ) =k le;", a, ~K Hg,li
i=1 j=1 j=1 j=1

Thus, [Pl = [H;=,.9”1Lj]y, where y € G with order 1 or 2. This shows that
the 4-rank of G is less than or equal to ' + 1.

Cases 1A, 1D, 3A.

In these cases, p, g; # 3 (mod 4) for all i. Since the ramified prime ideals
generate G;, it follows from Lemma 2.8 that N q(€;) = —1, where ¢; is the
fundamental unit of k;. Further, by Lemma 3.7, there exists an integer B|pd
such that \/B./€€1€; € K. We can choose S so that 8|d . By Lemma 2.7, the
ideal classes [p,]i, for i < n— 1, are independent generators for G;. Note
thatif m=n or m=n-1, then r =0 and the theorem follows. So assume
m < n-—1. We can choose G{ to be the subgroup generated by [p,]s, for
m < i <n-1. Similarly, we can choose A" to be the subgroup generated by
[l;] for m<i<n-—1.The2rankof A" is ¥ =n-m-1.

Since all the odd prime divisors of d are congruent to 1 modulo 4, it follows
from Lemma 2.5 and using the argument preceding (1) that if g; = 2|d and

(2) =1, then x3*(q2) = —x5*(a;) -

Subcase 1. xé‘,j (qp) = —1 for some k < m.

Let .@:H;.:,.g?’,“j,where t>0and m+1<pu;<n-1,and u # yj
for i # j. Then &2 ~g [Ijoy(p, ) Also, ITj_ipy, =% ITj-ipq, » and
Hj‘=1‘I1,,, R, (]'[;.=1qquj )a, where a is a ramified ideal of k,. Thus, &2 ~ a.

By Lemma 3.7, 42 is principal in K if and only if a is principal in &,
or a belongs to the same ideal class in k; as q,, qp, or q,qz . Note that the
other ideals from Lemma 3.7 are equivalent to the above ideals. For example,
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44 =k, q9p - We will show that a does not belong to the same ideal class as the
above ideals by using the fact that for 4 > m, we have x5(q,) # x5(l,) for
appropriate choices of d’|d .

If a is principal in k; then xf]‘,?(a) =1 for all i. Thus, it follows from (1)
or the above comment for g; = 2 that

(3) (Hx,,ﬂ, (9a, VXE (@) = Hx,,ﬂ, (4a,) = 222 (dg,) 1'[("“' )

1—2

qun (ql“l ) H(q”l ) = —HX‘M, (qlﬂj

j=2 l‘/

Since, (H3~=,qqul_ )a %, 1'[;=,q1“j , we have a contradiction, so a is not principal
in kz .
Similarly,

4) (Hx 2(4q, )12 (qp>=("")II("" (—)H("—") —qu«q,”,

j

(5) (Hqu(qquj))qu(qﬁ)_-H(ﬂ") H( )-—Hx HCTE

j=1 qﬂ/ =1 I‘J

(6) (Hx 2 (A, ) X42(9p) 28 (qp)—-H( A)-—Hx 2(qy, )-

Hence, q, aékz a, d4p %K, 6, and gpqp %, a

Therefore, %2 is not principal in K, and [Z] has order 4in G.

In particular, we have shown that [«%,]K for m+1 < j<n-1, has
order 4 in G, and that there are no non-trivial relations among [%,]x for
m+1<j<n-1.Thus, ([#,, Ik, .., [#,_lk)=(Z/4Z)"~™""' . Hence, the
4-rank of G 1sat1east r=n-m-1.

Subcase II. qu(qﬂ)—l for 1<i<m,with $#1,d.

If qu(qp) =1 forall i > m as well, then qg is principal so that g = 1.

If x (qg) = —1 for all i > m, then qp =y, qp =, 44, so that g = d by
our choice of B . Thus, after reordenng the g; if necessary, we may assume
x§_.(ag)=—1 and x3*(ag)=1.

Let & = H,: b with t >0 and m+1 < u; <n-2,and u; # u; for
all i # j. Then as above, #? ~k a, for some ramified ideal a in k; and
Hj‘=1q1u,. R, (H;.=1qq”j)a. As above, %2 is principal in K if and only if a is
principal in k,, or a belongs to the same ideal class in k, as q,, 95, OT qpqg -
It follows from (3) and (4), that a is not principal and a %y, q, . By replacing
gx with g,—; in (5), and by replacing g, with g, in (6), we see that a %, qp
or qpq5 . Thus, ([F, Ik, -, [Pi—n_2]k) = (Z/4Z)"~™~2, so that the 4-rank
of Gisatleast r—-1=n-m-2.

Subcase III. =1 or f=d.
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Let.@=]'[;=19”1,,j with >0 and m+ 1< u; <n-1,and u; # y; for

all i # j. Then, &2 ~k a where a is some ramified ideal of k. If g =1,
then qp is principal in k; and qpqp =, q,. If B =d, then qg =y, q, and
qdpqp is principal in k;. Thus, it suffices to show that a is not principal in k;
and a #y, q, . Both follow from (3) and (4). Thus, ([£,, ]k, - s [PFr—n-1]k) =
(z/4zZ)"—m-1, so that the 4-rank of G isatleast r=n—m-—1.

For each subcase, we have shown that the 4-rank of G is atleast r—1. From
above, the 4-rank of G is at most r. Therefore, the theorem follows for Cases
1A, 1D, and 3A.

Cases 1B, 1C, 1E, IF, 3B, 3C.

Let T = {i|g; =3 (mod 4)}. In Cases 1B and 3B, 2{d but 2 ramifies in k;
and k, . In these cases, let /; be a prime such that ()= X8 (py) and (£)=1.
By Lemma 4.1, such a prime exists. Also, p; ~, p> and [y splits completely in
K. Set go =2 in these cases. In Cases 1E and 1F, let /; be a prime that splits
completely in K such that p;, =~ p,. Note that in Cases 1C and 3C, 2 does not
ramify in k; . For these cases, let /; be a prime which splits completely in K
such that [/y] is trivial in H .

Let H' be the subgroup of H generated by H', [Ticr[4], and [lo]. Let "
be a subgroup so that H = H' x H" . If s is the 2-rank of H”, then it follows
that s > 7' — 2. We may assume that A" is the subgroup of " H generated by
[l;] for j € S where S is a subset of {ijm < i < n}. We also may choose S
so that IS|=s. If s =0, then r <2 and the theorem follows in this case.
Therefore, assume s > 0.

In these cases, the fundamental unit of k; is totally positive. Let b be a
square free positive integer which divides the discriminant of k;, such that
b#1,d and p, is principal in k;, as in Lemma 2.6. The fundamental unit of
ko is not totally positive, so in the notation of Lemma 3.5, ¢g = 1. It follows
from Lemma 3.5, that if a is a ramified ideal which is principal in K, then
a is principal in k;, or a belongs to the same ideal class in k; as q,, q;, Or
9p95 -

Let S’ be a non-empty subset of S, and let & = [[;cs» &, . We have as
before &2 ~¢ a, where a is a ramified ideal of k, such that [],cs q; =4,
(Iies' 9)a. Fix B€S'.

Subcase I. (£) =1 for some ¢, =3 (mod 4) for 1 <a<m.

Since b can be replaced with d/b or 4d /b, we may assume that g, {b.

If gg =1 (mod 4), then it follows from (1) that

D I x8@a) = x2,) ] (—") =-x8(aq,) ] (-") = - 1 x&(a)
i€eS'’ ieS' ieS' l €S’
i#p i#B

Hence, [[;cs 94 %k, Ilies 9> 50 that a is not principal in k,. If g =3
(mod 4), then it follows from (2) and by replacing gz with ggg, in (7), that
a is not principal in k.

Since

110 = 190 = IIPa =« [[ 9 and [p)i €6,

i>m i>m i<m i<m
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then

H[P/,]k, €G = H[Ii] eHA CH.

i>m . i>m
Since [] jes[Ij] is a subproduct of [];,,,[/]] and the [/;] for j € S are inde-
pendent generators for A" there must exist y > m such that /, # /; for all
Jj €S. It follows that ¢, # ¢q; forall j€S. If g, =1 (mod 4), then

®)  (Mrege) =GO @ =& 1§ = I @)
€S’ i€S’ O i€S’ ' i€S’
Hence, ([1;cs 94.)90 #k, Ilics a1, » SO that qp %, a. If g, =3 (mod 4), then
by replacing g, with g,q, in (8), we see that q, %, a
Since p, is principal in k;,

I 20 = TI %0 =6 (1] Pa)ps =i pa = HPq.,, Rk, Hm

€S’ ieS' ieS'

where a is the squarefree part of b[],cs0i; a = 14y for t >0 and
0 5 vi < n,and v; # v;, for i # j. Note that g, t a. Since [psli, ¢
, we may assume that (-ﬁ-) = —1. Also, as above, there exists g,» with
(L) = —1, such that ¢, #¢,, forall i. Now b = [];_, g, for some integers
k with 0 < k; < n. Further, in these cases, if 2 ramifies in k;, then 2
ramifies in k, as well. It follows that p, =y, [T, Pa;, =, [Iici by, - Also, by
the natural correspondence between H and G, in these cases, it follows from
above that [[;co (41110 ] = ITioi[0,]. Now Hif:le}l(mk,.) = x5 (m) =
for all d’|d such that Vd’' € E; and (£) = 1. Since E; C Ei(vD), it

follows that [%, xd,,(qu) = 1 for all d”lpd such that vd” € E,. Thus,

HieS’ 4 R, nl=lq1v,~

By following an argument similar to (7) using ¢,, instead of gz, we see that
a %, qp - Also, following an argument similar to (8) using ¢, instead of g,,
we have a %y, qpqp .

Subcase II. (£) =—1 forall ¢; =3 (mod 4).

Since [],c[l] € H', then [Micrlpg ]k, € G’l. Hence, there exists g, = 3
(mod 4) such that o’ ¢ S. Choose b so that g, tb.

If gz =1 (mod 4), then by (7), it follows that a is not principal in k,. If
gp = 3 (mod 4), then by replacing gp with ggq, in (7), it follows that a is
not principal in k; .

Suppose there exists an integer & ¢ S’ such that g; = 1 (mod 4) with
(2) = (£) =—1. Then by replacing g, with g; in (8), it follows that a %, q, .
We need to take care of the case that no such J exists.

Let T' = {i|g; = 1 (mod 4) and (%) = —1}. Since we have [],.[l] =
[Lier LTI, [1] € H', it follows that T],cp [l T],er[li] € H' as well. If no
such g; exists, then it follows that [],...[/;] is a subproduct of [];.s[/i]
which is not in H’. Thus, it follows there exists an integer &’ € S’ such
that g5 = 3 (mod 4) with ( %,) = (7%) = —1. Then it follows from (2) that

k
(Iies quq,,l (‘Iqi))Xq.sq,.: (9p) = H,—esl X424, (9q,) . Thus, we have (Hies' 4¢:)9p
#kz Hies’ ql,' » SO that a %kz qp .
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There are similar arguments as in Subcase I to show that a %, q, and
a %k, 4pqp -

In both subcases we have shown that [Z]x has order 4. Thus, it follows that
([Z,, )k 5 -5 [#,)k) = (Z/4Z)*, so that the 4-rank of G is at least s >r —2.
From above, the 4-rank is at most r. Hence, the theorem holds for Cases 1B,
1C, 1E, 1F, 3B, and 3C.

Cases 2A, 2B, 2C, 2D, 2E, and 2F.

Let H be the set of equivalence classes of primes that split in K with equiv-
alence relation ~', where / ~' I’ if p; =, p; . We denote the equivalence class
containing / by [/]. The group operation on H is defined as follows: Let /
and !’ be primes which split completely in K. Then [[T[/'Y = [I"] where [”
is a prime which splits completely in K and p;» =, p;p; . As before, such an
" exists. We see that H = G, . It follows that either H = H or |H|=2|H|.

We define the following sets:

T\={ilm<i<n,qg =3 (mod 4)},
T,={ilm<i<n,q;=3,5 (mod 8)},
T3={iim<i<n,q=5,7 (mod 8)},
T,={ilm<i<n,g =1 (mod4)},
Ts={iim<i<n,qg=1,7 (mod 8)},
Ts={ilm<i<n,qgi=1,3 (mod 8)}.

In Case 2B, 2{d but 2 ramifies in k; . As before, in Cases 2B, 2D, 2E, and
2F, let [y be be a prime which splits completely in K such that p; =, p>.
In these cases, let go = 2. In Cases 2A and 2C, 2 does not ramify in k. Let
H' be the subgroup of A generated by [/;]' for i < m, [[;cr,[liY, [Lier LT
and [/p] if 2 ramifies in K. Let G’, be the subgroup of G| generated by
G Ilier,[Pa. i, > e, [Padk, » and [p2]y, if 2 ramifies in k;. Let H” be a
subgroup of A so that H = H’ x H". Then the 2-rank of H" is s > r' — 3.
We choose H” to be the subgroup of H generated by [/, ;I for j € S where
S is a subset of {i|m < i < n}. Again we choose S so that |[S|=s.If s=0,
then ' < 3 and the theorem follows in this case. Therefore, assume that s > 0.

Note that [[;cr,[] s [ier,[lY € H”, Tlier [l [Lier[l:) € H". Tt follows
as well that J[;c7 [pg )k, € Gi for 1 <j<6.

For Cases 2B, 2C, 2E, and 2F, let b be a squarefree integer which divides
the discriminant of k;, such that b # 1,d, and p, is principal in k; as in
Lemma 2.6. Let a be a ramified ideal of k, which is principal in X . Consider
Cases 2A and 2D. In Lemma 3.5, we have ¢y =2 or 2p since p =3 (mod 4).
It follows from Lemma 2.8 that ¢, = 1 and q,, is principal in k;. Thus a
is principal in k,, or a belongs to the ideal class containing q,, q2, OF qpq2
in k,. It follows similarly that in Case 2B, a is principal in k;, or a belongs
to the ideal class containing q,, q5, OF qpq, in kz, if 2t b; otherwise a is
principal in k;, or a belongs to the ideal class containing ¢, q; , OT qpq 4 in
k,. In Cases 2C, 2E, and 2F, a is principal in k;, or a belongs to the ideal
class containing 4, 42, 45925 95> 9p95 > 9295 > OF dpG2qp in k.

Let S’ be a nonempty subset of S and let & = [[,cs: &, . Again, we have
PB? =~k a, where a is a ramified ideal of k, such that [],c¢ a9, =i, (IT;cs 94))0-
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As in the previous cases, to show that a is not one of the ideals of k, which
becomes principal in K, we will also use the fact that [],.q/[li] # I'[,.erj ;Y
where 1 < j < 6, since such products are in H’. Fix g€ S.

If there exists an integer a; > m such that g,, =1 (mod 4) and o, € §’,
then it follows similarly to (7) that a is not principalgin k,. If not, then ¢; = 3
(mod 4) for all i € §'. Also, since [[;cr [ps], € G1, there exists an integer
71 > m such that ¢, =3 (mod 4) and y; ¢ S’. Thus, it follows from (2) and
by replacing gz with ggg,, in (7) that a is not principal in ;.

If there exists an integer a; > m such that ¢,, =1 (mod 4) and a; ¢ §',
then by replacing g, with g,, in (8), it follows that a #, q, . If there is no such
az, then [];_,[ps )i, contains the subproduct [Tier,[pa )k, - Since [1ier,[pg )i, €
G, , then one of the g;’s, say g = 3 (mod 4). Since [T;cr, [Pq i, Mier,[Palk, €
G, then there is an integer y; > m such that ¢, =3 (mod 4) and y, ¢ §'.
Thus, it follows from (2) that a %, q, .

Suppose there exists a3 > m such that ¢,, = 1 (mod 4), (ﬁ) =1, and
a3z € §', or there exists o > m such that g, = 1 (mod 4), (q—f;) = -1, and
a3 ¢ S’. In both these cases it follows that a %, q; . ’

If no such a3, o} exists, then [],.s[/;] contains the subproduct [];cs [/,
where S| = {i|li > mand ¢; = 5 (mod 8)}, and for all ¢ > m such that

g-=1 (mod 8), g. # q; forall i € S’. We now show that there exist integers
73, 3 > m such that g,, , @, = 3 (mod 4) and one of the following occurs:

9) (i) =1, wherey;€S’, and (i) =1, wherey;¢s’,
a4 4y

(i) =1, wherey;€S’, and (i) = -1, wherey;€S’,
U a,

(i) =1, wherey; ¢S, and (—2—) =—1, wherey; ¢S,
a4 a4y,

(—2—) =-—1, wherey;€S’, and (i) =—1, wherey; ¢S,
a4 9y,

To see this, we note that if the first case does not occur, then one of the
following occurs: g; = 7 (mod 8) for some i > m and for all 6 > m such that
gs =7 (mod 8), we have d € §'; g; =7 (mod 8) for some i > m and for all
d > m such that g; = 7 (mod 8), we have d ¢ S’; and g; # 7 (mod 8) for
all i > m. These situations lead to the latter cases.

In each case it follows from (2) that

k. k. — k. — k;
(g Xq,2347§ (qq,-)) Xq;?}q,/; (qZ) - H Xq%q,,; (qq,-) == H Xq;?}qyé (qli)'
I !

ies' i€s’
Thus, a %y, q2.

If there exists a4 > m such that g,, =1 (mod 4), (q%) =-1,and a4 €8,
or if there exists aj > m such that g,, =1 (mod 4), (%) =1,and o, ¢ S,
then it follows that a %, q,q: . )
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If there does not exist any such a4, o}, then [];cs[/;] contains the sub-
product [],.s [/], where S, = {ili > mand ¢; = 1 (mod 8)}, and for all
¢ > m such that ¢, =5 (mod 8), g, # dy,, for all i € S’. If we use the fact
that [T l6Y s [ier [l) € H" , then by following a similar argument as above,
there exists y3, y; > m in which one of the cases in (9) occurs. It also follows
similarly that a %y, q,q2 .

As in Subcase I of Cases 1B, 1C, 1E, 1F, 3B, and 3C, we have [];cs b, =y,

i:lply,- . Using arguments similar to those above it follows that a does not
belong to the same ideal class containing q;, 9,95, 4295 , OF 59295 -

For Case 2B when 2|b, we need to show that a %y, q 8 and a %y, qpq 8- In

this case, since E, C E,(/P), it follows that H§'=1%, =, [ies q;,- Suppose
a =y, qg - Then

(10) H% =y, H qi; =k, (H dg,)q3 i, H dq,, =k, i H d,,-

€S’ ies’ 1<i<t 1<i<t

v;i#0 vi#0
By an argument similar to the one used in showing that a %, q;, it follows that
(10) does not occur. Hence, a %, qg - By an argument similar to the one used

in showing that a %, q,q2, it follows that a %, qp9; -

Thus, a is not principal in K, so that [Z]x hasorder 4in G, and it follows
as before that the 4-rank of G is at least r — 3. Since the 4-rank of G is at
most 7 + 1, the theorem follows in these cases as well. ]

6. EXAMPLES

In the last section we found an approximation for the 4-rank of the ideal
class group of certain real biquadratic fields. We can explicitly compute the
ideal class group for such fields using the ideas in the previous sections.

Theorem 6.1. Let K = Q(/P, V627), where p is a prime. Let G be the 2-class
group of K. Then each of the following cases

(1) G=Z/4Z x Z/AZ,
(2) G=Z/4ZxZ/2Zx1/2Z,
(3) G=Z/2ZxZ/2Z x Z/2Z x Z/2Z

occurs for infinitely many primes.

Remark. The ideal class group of Q(v627) is isomorphic to Z/2Z x Z/2Z.
For any prime p, the class number of Q(,/p) is odd, and for infinitely many
primes p, the 2-class group of Q(v/627p) is an elementary 2-group. Thus
for such primes p, the 2-class groups of all the quadratic subfields of K are
elementary 2-groups. This theorem shows that the ideal class group of K is
not necessarily isomorphic to a quotient of the product of the ideal class groups
of its quadratic subfields as might be suggested from Herglotz’s formula for the
class number of K. In fact, we show that the 4-rank of the ideal class group
of K can vary as much as possible, and there are infinitely many examples of
each possibility.
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Proof. Let ko = Q(/P), k1 = Q(v627), and k, = Q(v/627p), Let G; be the
ideal class group of k; for i=0, 1,2 andlet #’, hy, h{, h) be the order of the
2-class groups of K, ko, ki , ka2, respectively. We have G, = Z/2Z x Z/2Z and
hy=1. Then G has odd order. Let L; be the Hilbert 2-class field of k; and
let E; be the genus field of k; foreach i. Then E; = L, = Q(v3, V11, V19),
and if p =1 (mod 4), then E, = Q(v3, V11, V19, \/p). Also, for any prime
[ let p;, be a prime ideal of k; lying over / and let q; be a prime ideal of k;

lying over /.

Case 1.

Let p be a prime such that

p=1(mod8), p=2(mod3), p=8 (modll), p=3 (modl9).
Thus, (2) =1 and () = (&) = (£) = —1. Many other choices for congru-

ences modulo 3, 11, and 19, would give a similar result. Below, we compute
some of the values of the genus characters X and x*:.

27 (pg) 212(aq)

3 11 19 3 11 19 p
ps -1 -1 1 q3 1 -1 1 -1
pu 1 -1 -1 qu 1 1 -1 -1
po -1 1 -1 qe -1 1 1 -1
P2 1 1 1 q2 1 1 1 1

» -1 -1 -1 -1

Note that Fr/%2 Frf2/k and Frf2/* generate Gal (E,/k) . Thus, by Propo-
sition 2.3, L, = E,, so that A} = 8.

Let ¢; be the fundamental unit of k;. Since p = 1 (mod 4), then by Lemma
2.8, € is not totally positive. Also, € = 5(v1254 + 25v2). From the
above table, we see that p, and ps3p;;piop; are principal ideals of k;, while
92 and q3q;1919929, are principal ideals of k. It follows from the proof of
Lemma 2.6 that /€; = 3(av2 + b/1254p) for some a, b € Z. By analyzing
the expressions for the units and using [Kur] Oy = (-1, €, €1, V€1€2), and
[O% : O;,0; O;1=2. By Herglotzs Theorem, k' = jhohih; = 16.

By applying Lemma 4.1, there exist primes /; and /, which split completely
in K such that (£) = (%) and (£) = (5f) for ¢ = 3, 11, and 19. Then
pi, =k, P3,and p, =y, pii. Since I, and /, splitin ko, then (F]) = (f;) =1.It
follows from the above table that q;, =, 93q19, and q;, =, q1193. Let %, F,
be prime ideals of K lying over [, /;, respectively. It follows from Lemmas
3.3 and 3.4 that

?1,2 =<k P, 91, =k P393919 =K 919,

2 ~ ~ ~
P; =k PinA1, ®k Pr1q1193 XK 3.

Using the notation in Lemma 3.5, we have ¢o =1, ¢, =1254,and ¢; =2 or
1254. It then follows that qi9, q3, and q;9q; are not principal in K. Hence,
[#,]k and [£,]x have order 4 in G, and there are no non-trivial relations
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between them. Hence, the 4-rank of G is at least 2. Since A’ = 16, it follows
that G = Z/4Z x Z/4L.

Case 2.

Now let p be a prime such that

P=1 (mod8), p=2 (mod3), p=6 (modll), p=17 (mod 19).
Thus, (‘79) =(3)=1,and (}) = (&) = —1. Again many other congruences

are possible. We compute some of the values of the genus characters y* and
x> below.

X (pg) X1 (dq)
3 11 19 3 11 19 »p
p3 -1 -1 1 g3 1 -1 1 -1
P11 1 -1 -1 q11 1 1 -1 -1
po -1 1 -1 g -1 1 -1 1
P2 1 1 1 92 1 1 1 1
9 -1 -1 1 1

Again, we see that L, = E,, and that q, and q3q;;919929, are principal
ideals of k. By Lemma 2.6, /& = 3(aVv2 + b/1254p) for some a,b € Z.
As in Case 1, [Og : O; O; O; 1= 2, so that h’' = 16.

Let /; and /, be a prime which splits completely in K such that (7‘{-) =(%)
and (£) = () for ¢ =3, 11, and 19. It follows that p, =, p3 and p;, =,
pio. Hence, [p, )i, and [p,]i, generate G,. Since (£) = (£) = 1, we have
41, =k, 93911919 and q;, =, qi9. Let &, and &, be prime ideals of K lying
over /;. By Lemmas 3.3 and 3.4 we have

PE =k P a1, =k P393411919 ~K 9114195

PE =k P, =k Prods =k (1).
Again, by Lemma 3.5, q;,q;9 is not principal in K. Thus, [%9,]x has order 4
in K.
Now, let / be any prime which splits completely in K. Since [p,], and
[ps,)k, generate G;, we have p; =y p, p, where e; and e, are integers. It
follows that (%) = (7= ir -) for ¢ = 3,11, and 19. Also, since / splits completely

in XK, (§) = (7,1’77) = 1. Thus q; =4, q;'q? . Let &) be a prime ideal of K
lying above /. Then from above,
PP =k piar =k P5P{20 452 =~k a5

Thus, either [#]x has order less than or equal to 2, or [#]% = [£,]% . Since
every ideal class of K contains an ideal lying above a prime which splits com-
pletely in K, it follows that the 4-rank is 1. Hence, G = Z/4Z x Z/2Z x Z/2Z.
Case 3.
Now let p be a prime such that

p=1(mod8), p=1 (mod3), p=7 (modl1l), p=16 (mod 19).
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Thus, (2) = (£)=(2) =1, and (4}) = —1. The values of the genus characters

x¥ and x* are below.

1 (pg) %(aq)

3 11 19 3 11 19 p
ps -1 -1 1 s -1 -1 1 1
P11 1 -1 -1 q11 1 1 -1 -1
Pio -1 1 -1 qi19 -1 1 -1 1
pp 1 1 1 @ 1 1 1 1

It follows that L, = E, again, and that q, and q3q;1919929, are principal
ideals of k,. By Lemma 2.6, /&; = 1(av2+bV1254) for some a, b€ Z. As
in the previous cases, 4’ = 16.

Let / be any prime which splits completely in K, and let & be any prime
ideal of K lying over /. Since [p3]x, and [pioly, generate G;, then p; =,
p$'pfy, where e; =0, 1. Further, since xg'(p) = x&*(ar), x5'(p3) = X4*(a3)
and xg'(p1s) = 24*(a1s) for ¢ =3,11,19, and x*(a1) = x5*(a3) = x5 (ar9) =
1, it follows that q; =, q5'q7% . Thus, by Lemmas 3.3 and 3.4,

PP~k piar ~k 9595595 45 =~k (1).
Hence, all ideals have order less than or equal to 2 in G. Therefore, G <
Z/2Z x Z[2Z x Z|2Z x Z[2Z.
By Dirichlet’s Theorem on primes in arithmetic progression, there exist in-
finitely many primes p which satisfy the congruences in each of the three cases.

Hence, there are infinitely many primes such that G is isomorphic to each of
the three groups above. |

The primes 41, 17, and 73 satisfy the congruences in Cases 1, 2, and 3,
respectively. Let G, be the ideal class group for Q(/p, v627). The class
numbers of Q(v41), Q(v17), and Q(v73) are all equal to 1, and the ideal

class groups of Q(v627), Q(+/627p) are elementary 2-groups for p =41, 17,
and 73. Hence, G4;, G17, and G5 are 2-groups. It follows that

Gy 2 Z/4Z x Z/4Z,
G112 Z/4Zx Z/2Z x Z/2Z,
Gr3 X Z/2Z x /22 x Z/2Z x Z/2Z.
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